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ABSTRACT

This report presents a simplified, semi-theoretical model of

fractionation, suitable for making interim estimates of degree of

fractionation and of radionuclide partition between local, inter-

mediate, and woridwide fallout. The principles set forth are applicable

to the treatment of air-, tower-, and surface-burst debris (in the

order of decreasing confidence) and to correcting fallout-prediction

systems for fractionation effects. The material provides the first

step necessary to illustrate theoretically the definition of contami-

nation leVel proposed in Part II of this series.
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SUMMARY

Problem

The effects of radionuclide fractionation severely complicate

the prediction of many properties of nuclear bomb debris.

Findipnf

A semi-theoretical model can be used in a relatively simple

manner to estimate both radionuclide fractionation and its effects

,on exposure dose rate. The model is recommended for illustrative

purposes, rule of thumb estimates, and as a stop-gap until either

better models or more extensive information becomes available.
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PREFACE

This series of reports presents and discusses the effects of

radionuclide fractionation in nuclear bomb debris. Part I (Ref. 3)

defined fractionation as "any alteration of radionuclide composition

occurring between the time of detonation and the time of radiochemical

analy is which causes the debris sample to be nonrepresentative of

the detonation products taken as a whole." It showed how the radio-

nuclide compositions of fractionated samples could be correlated

empirically by logarithmic relations. Part II (Ref. 1) used these

relations as the basis of a technical discussion of contamination

density as applied to fractionated nuclear debris. This part presents

a theoretical foundation for the observed logarithmic correlations

of Part I. It uses this as a boLf:@ e. :r'ns C'tlmt~ng frac-

tionation as a function of particle size and the partition of product

radionuclides among local, intermediate, and worldwide fallout. As

an interim prediction system it is applicable, with decreasing con-

fidence, to air-burst, tower-burst, and surface-burst debris. Part IV

will extend the calculations to show how fractionation-correlation

parameters can be used to estimate the exposure dose rate from nuclear

debris vith various degrees of fractionation. It will serve to

illustrate the proposals made in Part II.
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INTRODUCTION

Part II in this series recorended a definition of surface

density of fallout contamination which was realistically related to

the spatially variable radiochemical composition in fallout patterns.

In order to illustrate the principles presented in that report, one

needs a means of predicting the quantities to be used in the illus-

tration. One means of making such predictions is found in a model

proposed by C. F. Miller.2  Homever, Miller's model is very complex,

it presents conceptual difficulties, it requires machine computation

for its employment, it needs input data which is presently unknown,

and it is in need of considerable, fundeuiental re-vsion (Cf. Ref.ll).

There is a definite need for a simplified, interim model for pre-

dicting the effects of radionuclide fractionation on radiation hazard

from fallout.

This report describes a conceptually simple, easily usable, semi-

theoretical model which is applicable to air, tower, and land-surface

burst debris. It shows the relation of the model to observed cor-

relations of fractionated debris and uses thi:. relation to predict

radionuclide partition between loLal, intermediate, and worldwide

fallout.
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In Part IV of this series, this model will form a basis for

illustrating calculations of exposure-dose rate according to the

newly defined surface density of contamination.

Familiarity with the preceding reports of this seriesl,3 is pre-

requisite to understanding the material presented here.

THEORY

The midel to be developed rests upon two principal assumptions.

The first is that the nuclear debris consists of macroscopically

homogeneous, spherical particles with a lognormal size-frequency dis-

tribution. The second is that the ultimate distribution of each mass

chain anong the particles is proportional to some power of the par-

ticle diameter. Additional assumptions will be required to apply

the model to typical situations.

In this section we will i'irst cescribe io~nc . ", t ,,hion

and its pertinent features. We will then apply these featvres to

the interrelation of size, surface, and volume for a lognormal distri-

bution of spherical particles. Finally, the relation of these features

to fractionation is introduced by means of the second assumption. A

relationship between pairs of mass-chain ratios is thereby obtained

which is independent of particle size and in agreement with- observed

properties of fractionated debris.
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The Lognormal Distribution

The lognormal distribution is frequently used to describe nuclear

debris. Stewart4 derived a lognormal particle size-frequency distri-

bution from theoretical considerations, but his derivation is much less

realistic when applied to a land-surface burst than it is for an air

burst or tower burst. Anderson 5 has adopted a lognormal distribution
.

of radioactivity with particle size for use in bis D-Model. Miller

has proposed a lognormal distribution of mass with particle size for

use in his fractionation model for land-surface bursts. It will be

shown below that these proposals are in haimony. Although lognormal

distributions of various types are frequently observed in samples of

fallout, it remains to be established whether these distributions

apply to the total amount of debris produced.

A random variable is lognormally distributed if the logarithm of

the random variable is normally distributed. Thus, x is lognormally

distributed with mean g and variance a if its frequency distribution

function is

dAp. 02) - 1 exp F Iln x 21 (1)
d lnx -rLN2\oIa

The notation is essentially that of Aitcheson and Brown.7 The quantity

d A (ii, u2 )/d In x, when multiplied by d ln x, gives the probability

that a randomly chosen sample has a value of x whose logarithm lies

*C. F. Miller, Private Conmunlc-t L..
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between in x and in x + d In x. Appendix A of this report gives

elementary background material on probability dLstributions and their

relation to size-frequency distributions.

An interesting and useful property of the lognormal distribution

is the following (cf. Ref. 6, Theorem 2.6). The kth-moment distribution

of a A distribution with mean v and variance 02 is also a A distribution
2 2

but with mean g + ko and variance a . Thus, it is easily verified

that

Xk dA(l ', 2) xk d 2' (2)
dlnx -12 dlnx

where x = (x x2) 1/2 and x= exp gi. A useful form of Eq. 2 is
-12 -3 -2

2
obtained by writing pi = g + kic 2  Then

2 2 k- k
)/d nx + k 2  2 21 (31

o2)/dlnx x 2
dA(R +ko 2 a)

The Interrelation of SizeA Surface, and i i _ .: i zn

As a consequence of Eq. 2 above, if the frequency, the surface,

or the volume of a collection of spherical particles is lognormally

distributed with respect to the particle size, the other two quantities

are also lognormally distributed with respect to the particle size. For

example, let x represent the particle diameter and let its normalized

frequency distribution function be d A(,n, I2) If N is the total

d ln x

number of particles and S the total surface of the particles, the



distributicn of the surface with respect to 
k is

2 dA(i 2) a2  = g x 2 i ' a 2) ($a)

2 2s
d In x d Inx

Here x = x exp (212), so x x exp (a2).

--s -n --is -n

Since d A (y 02)/d in x is normalized, the total surface is

it (5)
-ns

Similarly, the distribution of volume with 
x is given by

xs N d A(In, 2)= - ix s  a dA v(s, a2) (6)

6 dlnx 6 dlnx

Now xv xn exp (300) and the total volume is

s • (7a")

V ANx3
-nv

= -s 
(7b)

The total mass of the particles is

M p V (8)

where p is the density, The mass is obviously distributed 
like

the volume since the particles are 
homogeneous, and the mean of the

mass distribution g m equals ty, and consequently x n 
= x V .

An important quantity for our purposes 
will be the rat',U of the

fraction of the total surface to 
the fraction of the total volume 

in



a given particle-size increment as a function of x. From Eq. 3 above,'

this ratio is

r s = d A(its, o02)/d in

s d A(gv , o2)/d n x

= -_n exp. 2
x

=-svx (9a)

S6 V/sx (9b)

According to Eq. 9a, r is unity when x is equal to the geometric

mean of x and x.

RELATION OF THE LOGNOF04AL DISTRIBUTION TO FRACTIONATION

Consider now two mass chains i and j which are distributed among
ki

particles of fallout of diameter x according to Y and x respec-

tively, the fallout particles themselves nuw......g i.r . - iicc h are

lognormal in x. The ratio of the fraction cf mass chain i to the

fraction of mass chain j in particles of size x is found from Eq. 3

to be

r dA(tn + ki C2, 02)/d ln xri,j 2
d A (in+ k4 a2 , 

2)/d lnx

n exp a (1O)
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Two ratios for two pdirs of mass chains can be related by eliminating

Xn/x from their respective equations:

V (k ki) k 2 ] /(k - k )
r expL -! + j ) 2 = r exp ukJ1 2 , v L 2

or

Inr= k v k In r + (k -ki),(k i + k - k - )/2 (11)iri, j k-k u  u,v j i j u "

This equation indicates a linear relationship between the logarithms of

mass-chain ratios which is indenendent of particle size. Linear relation-

ships between logarithms of mass-chain ratios have in fact been obscrved.
3

APPLICATION OF MODEL TO LAND SURFACE BURSTS

We will now illustrate the, foregoing model by applying it to some

land-surface fallout distributions currently in use at NhDL. We will

compare these, first accordind~to their physical properties, then, with

the help of some additional assumptions, according to their predicted

radiochemical properties. We will be particularly concerned with the

variation of fractionation with particle size and with the partition

of radionuclides among local, intermediuLe, and worldwide fallout.

The Distributions

Three lognormal distributions have been used at NRDL to describe

fallout:
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The N-61 distribution is used for surface bursts on Nevada soil

regardless of yield. According to this distribution, half of the gross

activity in the nuclear cloud is in warticles vkth diameters of 100 .L or

less and 1 is in particles w-ith diameters of 10' p or greater.

The C-61 distribution is used for surface bursts on coral surfaces.

it is also yield-invariant. According to this distribution, half of the

gross activity is in particles vith diameters of 100 p or less and I . is

in particles with diameters of 5000 i or greater.

The distribution proposed "Dy Miler6 contains half of the mass

in particles with diameters of 100 u or less and 0.4 % of the mass

4in particles with diameters of 10 g or more (I % in particles of diameter

5600 P or greater).

in order to illustrate the dependence of various distribution

properties on the mean and variance, we will treat the .f-61 and C-61

distributions as though they applied to mass (or vclume, since the par-

ticles are assumed homogeneouws) insread of o s : - .ty. .parson

of the three distriblations on this basis will illustrate the sensitivity

to the choice of variance. To illustrate the sensitivity to the choice

of mean, we will use two distributions with th& same variance as that

proposed by Miller, but with mass-modal particle sizes of 50 and 200 g.

We will designate these distributions M O and M ., respectively, and the

original Miller distribution by 100.

Table 1 sucmarizes some important statistical and physi' 1a p.cperties

of these distributions, together with the equations involved in their

8



Table 1

Properties of Various Distributions, Illustrating Their
Sensitivity to Meriu and Varianc-e

Quantity c-61 ',7-61 M1o 12 oo

Variance (Dimensionless)

a2 1.682 1.980 1.736 1.736 1.736
a 2.829 3.919 3.015 3.015 3.015

Modal Diameters ()

x 100 100 50 100 200

= x exp (-12) 5.907 1,986 2.452 4.904 9.809

n = x vexp -302) 2.04x10 2  7.81x1O-4  5.87x10-3  1.17x.0 - 2  2.35x10 2

-n --V

2 = )F x x 24,3 14.1 11.1 22.1 44.3-- Y -S "-V

Means (Diemeionless)

pv = ln x 4.605 4.605 3.912 4.605 5.298

[s = in x 1.776 0.686 0.897 1-590 2,283

pn = in x -3.876 -7.154 -5.137 -4.449 -3-751

Physical Properties

s/v = 6/2Ssv (p "1 )

0.247 0.426 o.541 0.271 0.135

N/V = 6/ xnv3 (g3)

o.65,5 87.5 12.0 1.51 0,187

Fractions of Mass or Volume in Particle-Size Ranges

0-25 p 0.205 0.242 0.345 0.212 0.115
25-50 p 0.135 0.121 0.155 0.133 0.097
>50 p 0.66O 0.637 0.500 0.655 0.788

Fractions of Surface in Particle-Size Ranges

0-25 p o.805 0.900 0.910 0.826 0.705
25-50 p 0.093 o.048 0.049 0.084 0.121
>50 p 0.102 0.052 0.051 0.090 0.174

Fraction of Surface/Fraction of Volume (r s v ) for Particle-Size Ranges

0-25 p 3.93 3.72 2.64 3.90 6.13
25-50 p 0.689 0.397 0.316 0.632 1.25
>50 p 0.155 0.o82 0.102 0.137 0.221
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calculation. Figure 1 shows the M I00 distribution in differential form

(frequency function) and Fig. 2 shows it in integral form (the distribution

function).

We will n6w apply the surface-to-volume ratio to the estimation of

fractionation with particle size, and will use the fractions of surface

and volume in various particle-size groups to estimate the partition of

individual radionuclides among local, intermediate and worldwide fallout.

Predicted Radiochemical Composition vs Particle Size

In order to apply these considerations to the, estimation of radio-

chemical properties from a land-surface burst, two additional rssumptions

must now be bade to obtain k values. The first is that the mass-95 chain

is distributed like the volume k95 = 3' and the second is that the mass-89

chain is distributed like the surface(k8 9 = 2 . This allows r8 9, 95 to be

equated to r and calculated as a function of particle size from Eq. 9.
s, v

Thc values of r integrated over size incrementi sre tPbulated inS v

Table 1.

Empirical correlati6hs of radionuclide ratios have been obtained in

the form3

loglo ri, 8 9 = ai + bi loglo r 9 5, 8 9  (12)

or
log10 ri,9 5 = ai + (l-bi) loglo r8 9,9 5  (13)

where ai and bi are regression coefficierts.

Comparing Eq. 13 with Eq. 11 in view of the above assumptions,

J = v = 95, kj =k v= 3, u = 89, ku = 2. Equation ll becomes

10



(3 -k'/'%ki -2)
li) log = 3-k )  gr89,95 +( i i

2 x 2.303

b = ki -2 (14)

a = (3- k,)(k -2) a2/4.606

- bi (1 - bi) a2/4.606 (15)

The evaluation of bi hy the radiochemical analysis of fallout

samples or its estimate by the method described in Ref. 3, allows

the radionuclide composition to be estimated as a function of particle

size. If a ii known, ai can also be calculated. For a given distri-

bution, ai would have a maximum value for a mass chain with bi equal

to 1/2. In such a case

ai =2 /18.4

Predicted Partition of Radiujuclides Aon Lfamu L,
Intermediate and Worldwide Fallout

The assumptions used in the preceding paragraph (viz., k8 9 = 2, k95 =3)

also allow estimates of the partition of various radionuclides among

local, intermediate, and worldwide fallout. For this purpose we first

define local fallout as consisting of all particles with diameters of

50 1 or more, intermediate fallout an particles with diameters ranging

from 25 to 50 t, and worldwide fallout as particles with diameters of

254L or less. The fraction of the -aL.,-95 chain in any of these portions

ll



is then equal to the fraction of the total particle volume in that por-

tion, as shown in Table 1. The same is true for any other quasi-

refractory mass chain (i.e., one-for which b. 1).

The fraction of the mass-89 chain in any portion is equal to the

fraction of the surface lying in that portion. Values for the three

ranges cited are shown in Table 1. The same is true for any other

nuclide for which bi = 0.

The fraction of intermediately behaving chains can -be estimated

by calculating their modal volume values as in Eq. 2:

x v exp I-(bi - l) a2 (16)

From what has preceded it is clear that the variance for each such

distribution will be the same as the variance for any geometric par-

ticle property for that distribution. Curves can then be plotted to

yield the fraction in any group according to the value of bi. This

has been done for' the Mlo0 distribution, and the I - s .. "n in

Fig. 3. The values of bi for some mass chains, as determined from

Ref. 3, are indicated on the curve. That of Pu239 is estimated.

APPLICATION OF MODEL TO AIRBURSTS

As mentioned above, Stewart's treatment of nuclear debris forma-

tion is more realistic for air bursts 'han for land surface bursts.

His calculations apply to a device composed of 1000 kg of Fe and, as

can be shown from the data he uses, a yield of 10 kt. The total



yield-to-mass ratio is therefore about 1O (Ref. 4). For this he cal-

culates a modal radius of about 10
2 v and a particle-size frequency

function

dA _ V -. p (ln x - )2]_ - (17)
dlnx -- exP[

Stewart's variance is arbitrarily and perpetually unity. His value of

x is

vN 0T 1/2k
-n Kn (=A (18)

where

vb = molecular volume in the liquid phase

N = initial number of atoms per unit volume in the fireball
0

T = absolute temperature of fireball at the time of condensation
0

K = 4 kT/9 %3 X lO- 9 , T = absolute temperature, = air viscosit)'

n = concentration of conde±satior_ In - reb 1

k = Boltzmann's constant

m = molecular mass of iron

A = 75000 K

The particle size-frequency data available for air burst debris is

not reliable below a value for x of about 5 1. The number of particles

above 5 p represents only a small fraction of the whole, but data available

are in agreement with a lognormal distribution.
7
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The assumptions of the previous section, namely, that the' mal;s-95

chain is distributed among the particles in proportion to their volume

and the mass- 8 9 chain is distributed according to surface, are also more

realistic when applied to air bursts because the debris remains in contact

lcnger with the condensing material. The fact that fractionated samples

of air burst debris correlate logarithmically7 is also in agreement with a

lognormal distkibution, as explained above. Therefore, the present model

can be used also in estimating fractionation for air burst debris. However,

certain Irecautions should be indicated. Thus, Stewart's theory Was

developed for bursts of low yield with' condensation times of the order of

10 sec. or less. No theory for longer periods has been found. However,

two modifications can be made to Stewart's formula which will make it more

realistic and more applicable to bursts of higher yield and lower mass.

The first modification concerns putting a lower limit on the particle

size. With higher yield-to-mass ratios, smaller particles in greater

abundance are to be expected. Obviously, there i a 1-.t. . dust-free

atmosphere, it would be initially the molecular diameter. Tropospheric

aerosols have a lower limit of about 8 x 10 3 g diameter due to the coagula-
8

tion of smaller particles. Similar mechanisms can be expected to eventually

establish a lower limit of air-burst debris particle size. In a real

environment, the likit would be approximately the modal size of the dust

particles. In either case, we can call this limit x and shift coordinates

in such a manner that the distribution "Rw does not result in smailer

particles.

14



The second modification concerns the variation of x with the-n

device's ratio of mass to total yield M/. The value of N will

vary as M/W. Neglecting the effect of A/W on the other parameters

leads to a direct proportion between x and M/W, From Stewart's

calculations, with M/W dimensionless,

x n 10 2M/W (microns)

Introducing this and the shift in abscissa into Eq. 17 gives

dA 1 exp In x- x°
d ln x 2-- X +_ 0_ I '

Figure 4 shows some differential graphs of this function with x = 10 l

for different mass-to-yield ratios. A thousand-pound device weight is

assumed. Integral curves are shown in Fig. 5.

The validity of these considerations and the development of more

exact equations are subjects that require further investigation and

lie beyond the scope of the present report.

APPLICATION OF MODEL TO TOWER BURSTS

Stewart considers Eqs. 17 and 18 applicable to tower bursts and

illustrates the application for a *-'-st of the same yield in which

25 toiL of steel tower are vaporized. For this situation he calculates

x = 0.2 g, (Our approximate equatiu v would give 0.25 g), Applying

15



the assumptions set forth above to Stewart's tower burst gives the

integral curves shown in Fig. 6. As shown Cby the figure, the particle

size of unit r 8 9 , 9 5 value has decreased from the value of x shown
-5, V

in Table I to a value of 2.5 p. According to this treatment, therefore,

a particle from a tower burst should be more depleted in Sr 8 9 than a

particle of the same size from a land-surface burst.

DISCUSSION

This section attempts to point out, with equal emphasis, both the

defects and the merit of the present model. Although the model is a

stop-gap, whose raison d'etre lies more in necessity than in intrinsic

worth, it will be shown that its resemblance to reality is sufficient

to justify its use for illustrations, rule of thumnb calculations, and

estimates made in che absence of reliable information.

The principal assumptions involved in tuis dev;..ve...ent ixd applica-

tion have been W1) a lognormally distributed group of homogeneous,

spherical particles, (2) a distribution of mass-95 chain among the par-

ticles in proportion to the volume, and (3) a distribution of the mass-89

chain among the particles in proportion to their surface. None of these

assumptions is new, and only the first is popular. The last two can be

easily modified to conform to other powers of the diameter, should this

appear desiroble. In this section we will discuss the validity of ea,,h

assumption in tur and then compare the present model with the Miller

16



model. Finally, the extension of the model to other burst types

(water surface) will be discussed and the unifying power of the model

will be explained.

Validity of the Lognormal Distribution

The case for lognormal particle-size distributions has already been

discussed, but it seems appropriate to summarize it here. Stewart's

prediction of lognormal distributions for nuclear debris is most validly

applied to air bursts and least to land-surface bursts. The meager data

availab..e on air-burst debris is not valid below diameters of 5 g, but

data above this size can be fitted with a lognormal form and reasonable

parameters obtained. Therefore, the data available support this kind

of distribution but are not sufficient to substantiate it. In air bursts,

the particles are extremely heterogeneous and in land-surface bursts

they are more so. The properties observed must be considered as an

average, and a theory that can predict the average does well.

In fallout samples from land-surface buiste, :1q. j :tns istri-

butions have been observed, but the lognormal activity-particle size

distribution is as good an approximation to the observations as any.

It must be emphasized that these samples have all been biased, not only

by the sampling device itself, but also by the fallout transport process.

Thus, samples collected close to ground zero were depleted in small

particles and those collected at greater distances were successively

depleted in large particles. t No representative sample of perticles f.oii

17
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the larger fraction of the mass.-95 chain. The former kind appears to be

comprised of particles that werc completely melted and perhaps partially

vaporized. The larger of these .......... ell away f rm th,- nuclear

cloud while the mass-89 chain was predominantly in the uneondensible

Kr form. The large, irregular particles are apparently formed by the

indiscriminate condensation of vapors on cold particle surfaces or by

the scavenging of small, condensed particles. Fractionation was observed

to cause the quantity of the mass.89 chain carried by a particle to be

indepe adent of the particle type, by counteracting the increased activity

of regular particles with Sr89 depletion.

A further piece of information on the validity of the distributions

chosen for the mass-95 and mass-89 chains has recently appeared in a

report by J. H. Norman and W. E. Bell. 11 On the basis of their studies

of Cs vaporization from, and condensation on, silicate melts of varying

compositions, these authors conclude: "Those elements that exhibit

relatively low vapor pressures wi._ eoiW n:c U .. . es at

high temperatures where rates of diffusion are relatively high....

It is expected hat these elements will readily diffuse into fallout

particles and will become fairly uniformly distributed. On the other

hand, elements that exhibit relatively high vapor pressures will con-

dense onto fallout particles at low temperatures, where rates of diffusion

are low. It is expected that these elements will be retaincd on or near

the surface of the particle."
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It therefore appears that, in the absence of agglomeration, these

are reasonable distributions to expect, but that further study is re-

quired to take agglomeration effects into account.

Comparison with the MillerModel

The Miller model and the present one have certain similarities.

Both adopt a lognormal mass vs. particle-size distribution and, if the

particles are considered to be completely melted: 'both will predict

that refractorily behaving mass-chains are distributed among the par-

ticles in proportion to the cube of the diameter.

The Miller model has the advantages of accounting for particles

which leave the cloud before the mass-89 chain has condensed and of

being able to handle partially melted particles. This is good with

regard to the prediction of refractorily behaving cheins, but bad with

regard to the prediction of volatilcly behaving, chains. Thus, the

closest that one comes to accounting ior the mass-89 ejit.6i conz.ri.Vuted

by unfractionated, irregular particles is to approximate them with

partially melted spherical particles depleted in Sr 8 9 .

The present model tends to correct this defect. Whether the extent

of correction is so unrealistically large that it is better omitted

remains to be seen.

Unitive Power of the Present Model

The applicability of the present L'del to air, tower, and laiid-

surface bursts is a point in its favor. It has been pointed out 1 2 that
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the condensation processes occurring ' hen a nuclear device is detonated

on the surface of a body of fresh water can be approximated by those of

an air burst occurring in the presence of vaporized water. The present

model should provide orientation for considering this type of situation.

In the case of an ocean-surface burst, the situation is similar but

complicated by the presence of vaporized sea salts.

All these situations will. receive consideration in due course.

Application to Models for Fallout Transport

There exist many models for calculating the transport of radio-

active fallout from the nuclear cloud to the ground. Many of these

consider the debris to be divided into particles of different sizes.

By means of the model described here, the degree of fractionation can

be estimated for any particle-size range. The next report of this

series will illustrate the estimation of exposure dose-rate as a func-

tion of time and degree of fractionation. With calculations of this

type, the contribution to the .*ose-rate fron each n lt c iu can

be estimated and fractionation accounted fox.

Resemblance of Model Predictions to Observations of Nuclear Debris

Without involving classified material, the resemblance of model

prediction to fallout observations may be summarized as follows:

(1) The model is in agreement !ith observed correlations of radio-

nuclide composition for fractionated debris in both air and surface bursts.

(2) The model gives the -observe- trend in radionuclide coitrpositlcn
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with particle size (greater enrichment in volatile-behaving chains with

decreasing particle diameter) in both air aad surface bursts.

(3) In a 2-kt, near-surface burst, the particle diameter for which

r89 ,95 = 1 was observed to be 27 + 17 1, in good agreement with the

values of xs v shown in Table 1. However, particles greater than

several hundred microns were found to be less depleted in volatilely

behaving chains than the model predicts. This departure may be due

to the incorporation of smaller, more volatile-rich particles on these

larger particles by impaction. Evidence of impaction also appeared

in microscopic and autoradiographic examinations of this debris.

(4) The model predicts reasonable partition between local and

worldwide fallout.

(5) The model offers a significant improvement uver the "ste of

unfractionated radionuclide compositions.
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APPENDIX A

RELATION OF SIZE-FREQUENCY DISTRIBUTIONS TO
PROBABILITY DISTRIBUTIONS

If wd& eit Ntab) be the number of particles in a given sample whose

diametdrs x satisfy the inequality a < x .< b, then N(Ooo) is the total

number of particles in the sample and Nfa,b)/N(Oo D) = Pfa,b), the-

probability that a randomly chosen particle has a diameter x such that

a < x < b. The size frequency function p(x) is related to this proba-

bility by

P(a,b) = a p(x)dx
(Al)

- p(x) (

If it is desired to approximate the size-frequency distribution with a

normal distribution, this is ' the tndard normal

distribution function

1 exp (-t/2) (A2)

by making the equality

p(x)dx = y ,at y dt dx
dx

from which

p(x) = y dt (P.3)
ax
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Thus, for a normal distribution:

t x -

dt I

1 [1

expi (A)

t =tFor a lognormal distribuation

t In x-.L

dt 1
- x ,

p__ _ Wx

p =exp [ ( ln x-)]

- dx

Note this is not the d A/d in x as in Equation (1).

The lognormal distribution has been treated at Jlength by several

authors (Al-A3) besides Aitcheson and Brown, but it will be helpful

to summarize some of its essential -.,perties here. A random variable
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is distributed lognormally if the logarithm of the variable is dis-

tributed normally. Such a variable can only have positive values.

The value of the variable x for which the frequency is a maxir.m is

the modal value x and its natural logarithm

lnx= 9

is the mean value of the in x. We will call the values of x for

which t = + I by x+l and xl. At these values, y falls to exp (-!) of
1 2 2

its maximum value 1 , -d in y/dt is unity, and d2y/dt2 = 0.

The standard deviation a is given by in x+- in x = in x - in x_,

the difference between the values of in x at the axis of symmetry and

the points of inflection. Thus t represents the departure, in a units,

of In x from its mean value.

Finally,

p (x) dx 1 .. L. In [., (i )2] (d Inx)

= P (x, x+ dx)

dA(,, G2)
d In x

is also the probability that In x lies between in x and in x + d in x.

Figure 7 illustrates several presentations of the same distribution

and their relation to one another. Pigure 7A is a logarithmic-probability

present.tion for Y when x = 1 and x+l = I/x_, = 2. The linear-probability

presentation of the normal distribu il. obtained by letting x' = in x

33



is shown in Figure 7B. Here, 0x , X+l= -xL o= 0.693. This is

converted to the more familiar frequency function in Figure 7C and

to the less familiar Gaussian plot (Al). These in turn are converted

back to the logarithmic form in Figure 7D.
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